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EMBEDDINGS OF Q INTO SOME FINITELY PRESENTED
GROUPS
JAMES BELK, JAMES HYDE, AND FRANCESCO MATUCCI
Abstract. We prove that the lift of Thompson’s group T to the real line
contains the additive group Q of the rational numbers. This gives an explicit,
natural example of a finitely presented group that contains Q, answering a
Kourovka notebook question of Martin Bridson and Pierre de la Harpe.
We also prove that Q can be embedded into a finitely presented simple
group. Specifically, we describe a simple group TA of homeomorphisms of the
circle that contains Q, and we prove that TA is two-generated and has type F∞.
Our method for proving finiteness properties extends existing techniques to
allow for groups of homeomorphisms that are locally more complicated than
the standard Thompson groups.
Introduction
In 1961, Graham Higman proved that any countable group with a computable
presentation can be embedded into a finitely presented group [25]. For example,
the additive group Q of rational numbers has computable presentation
〈s1, s2, s3, . . . | snn = sn−1 for all n ≥ 2〉
and can therefore be embedded into some finitely presented group. Though Hig-
man’s proof is constructive, the resulting finite presentations are quite large and
unwieldy.
Higman was for many years interested in finding more explicit embeddings of
various naturally occurring recursively presented groups such as Q into finitely
presented groups [28]. In 1999, Martin Bridson and Pierre de la Harpe submitted
the following “well-known” problem to the Kourovka notebook [32].
Problem 14.10(a). It is known that any recursively presented group embeds in a
finitely presented group. Find an explicit and “natural” finitely presented group Γ
and an embedding of the additive group of the rationals Q in Γ.
The problem then asks the same question for the group GLn(Q). Moreover,
at the time that the problem was submitted, no explicit and natural examples
of finitely generated groups containing Q were known, so the problem originally
included a part (b) asking for such an example. Finitely generated examples were
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later supplied by Mikaelian in 2005 [34], but no solution to part (a) of the problem
has appeared in the literature.
In this paper we describe two solutions to this problem. The first is the group T
of all piecewise-linear homeomorphisms f : R→ R that satisfy the following condi-
tions:
(1) Each linear portion of f has the form f(x) = 2nx + d, where n ∈ Z and d
is a dyadic rational.
(2) Each breakpoint of f has dyadic rational coordinates.
(3) The homeomorphism f is periodic in the sense that f(x+ 1) = f(x) + 1 for
all x ∈ R.
Note that condition (3) implies that f is either linear or has infinitely many linear
segments. We regard such homeomorphisms as “piecewise-linear” as long as the set
of breakpoints is discrete.
Theorem 1. The group T is finitely presented and has a subgroup isomorphic to Q.
This group is closely related to the groups F , T , and V introduced by Richard
J. Thompson in the 1960’s, now known collectively as Thompson’s groups [16].
In particular, F is the group of all piecewise-linear homeomorphisms of the closed
interval [0, 1] satisfying conditions (1) and (2) above, T is the group of all piecewise-
linear homeomorphisms of the circle S1 = R/Z satisfying these same conditions,
and V is a similarly defined group of homeomorphisms of the Cantor set. Thompson
proved that all three of these groups are finitely presented and that T and V are
simple, making them the first known examples of infinite, finitely presented simple
groups.
The group T is precisely the lift of Thompson’s group T to the real line through
the covering map R→ R/Z. As such, it fits into a short exact sequence
Z ↪→ T  T
where the kernel is the group of deck transformations, i.e. the cyclic group generated
by the map z(x) = x+ 1. Since T is finitely presented, it follows immediately that
T is as well. The kernel is central in T by condition (3) above, and since T is simple
this kernel must be precisely the center of T .
The first appearance of T in the literature seems to be the work of Ghys and
Sergiescu in 1987 on the cohomology of T [21]. They proved that H2(T,Z) ∼= Z⊕Z,
and that one of the two generators for H2(T,Z) is the Euler class for the extension
Z ↪→ T  T . As far as we know it has not previously been observed that T
contains Q, though Bleak, Kassabov, and the third author observed in 2011 that
Thompson’s group T contains Q/Z [5]. We prove in Section 1 that T actually has
uncountably many different subgroups isomorphic to Q, and we give a presentation
for T with two generators and four relations. We also prove that T is contained in
some other well-known groups:
Theorem 2. The following finitely presented groups have subgroups isomorphic
to T , and hence contain Q:
(1) The automorphism group of Thompson’s group F .
(2) The braided Thompson group BV .
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Here BV is the braided version of V introduced independently by Brin [7] and
Dehornoy [17] in 2006. This group has intriguing connections to Teichmu¨ller theory
and the study of big mapping class groups [19].
Our second main example is a new group TA of homeomorphisms of the circle
S1 = R/Z, which can be defined as follows. We say that a homeomorphism f : S1 →
S1 is nearly piecewise-linear if either it is piecewise-linear with finitely many
pieces or it consists of infinitely many linear pieces whose breakpoints accumulate
along a finite set of singular points. Such a homeomorphism has doubling self-
similarity at a singular point p ∈ S1 ifDf(p)◦f agrees with f◦Dp in a neighborhood
of p, where Dp and Df(p) denote the local dilations of S
1 by a factor of 2 centered
at p and f(p), respectively. Let TA be the group of all nearly piecewise-linear
homeomorphisms f : S1 → S1 that satisfy the following conditions:
(1) Each linear portion of f has the form f(x) = 2nx + d, where n ∈ Z and d
is a dyadic rational.
(2) Each breakpoint of f has dyadic rational coordinates.
(3) Each singular point of f has dyadic rational coordinates as well as doubling
self-similarity.
Note that the subgroup of TA consisting of elements that have no singular points
is precisely Thompson’s group T .
Theorem 3. The group TA is two-generated, finitely presented, simple, and con-
tains Q.
It was not previously known that Q could be embedded into a finitely presented
simple group. A theorem of Hall asserts that every countable group embeds into a
finitely generated simple group [24], and Schupp [40] and Goryushkin [22] proved in-
dependently that every countable group embeds into a two-generated simple group.
We actually prove something stronger than finite presentability for TA. Recall
that a group G has type Fn if there exists a K(G, 1) complex whose n-skeleton is
finite. For example, a group has type F1 if and only if it is finitely generated, and
a group has type F2 if and only if it is finitely presented. A group has type F∞
if it has type Fn for all n, or equivalently if there exists a K(G, 1) complex with
finitely many cells of each dimension (cf. [20, Proposition 7.2.2]). All of these finite-
ness properties are commensurability invariants—indeed they are invariant under
quasi-isometry [1]. Brown and Geoghegan proved that Thompson’s group F has
type F∞ [12], making it the first example of a torsion-free, infinite-dimensional F∞
group. Brown later developed general techniques for establishing finiteness prop-
erties, and used them to prove that T and V have type F∞ [11]. An extension of
an F∞ group by an F∞ group has type F∞ (cf. [1, Theorem 10]), so it follows from
Brown’s result that T has type F∞. We prove the following.
Theorem 4. The group TA has type F∞.
We prove this theorem by constructing an action of TA on a certain simplicial
complex K and then using a combination of Brown’s criterion [11, Theorem 2.2] and
Bestvina–Brady Morse theory [3]. Our construction of K is surprisingly efficient,
and can be generalized to prove finiteness properties for a large family of groups
of homeomorphisms whose elements have finitely many “singular points”. We will
discuss this generalization in [2], and show that the resulting family of F∞ groups
includes many Ro¨ver–Nekrashevych groups (obtained by combining a Thomspon
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group with a self-similar group of tree automorphisms [36, 41]), as well as a new
simple group VA that contains every countable abelian group.
Acknowledgments. The authors would like to thank Collin Bleak for many help-
ful conversations and suggestions about this work. We would also like to thank
Matthew Brin and Matthew Zaremsky for their comments on an early draft of this
manuscript and Martin Bridson for comments on the historical perspective.
1. The group T
In this section we prove that the group T has uncountably many subgroups
isomorphic to Q, and we classify such subgroups. We also give a presentation for T
with 2 generators and 4 relations, and we prove that T is isomorphic to a subgroup
of the braided Thompson group BV .
1.1. Inclusion of Q into T . Here and in the future, we say that a homeomor-
phism is Thompson-like if it is piecewise-linear and satisfies conditions (1) and
(2) for elements of T given in the introduction. Let PL2(R) denote the group of all
Thompson-like homeomorphisms of R. Note that T is precisely the centralizer in
PL2(R) of the homeomorphism z(x) = x+ 1.
Lemma 1.1. Let g be an element of PL2(R) without fixed points and let n ≥ 2.
Then there exist infinitely many different f ∈ PL2(R) such that fn = g.
Proof. Without loss of generality, suppose that g(0) > 0. It is well-known that
if [a, b] and [c, d] are closed intervals in R with dyadic rational endpoints, then
there exists at least one Thompson-like homeomorphism [a, b] → [c, d] (cf. [16,
Lemma 4.2]). Choose dyadic rationals 0 = p0 < p1 < · · · < pn = g(0), and for
each 1 ≤ i < n choose a Thompson-like homeomorphism fi : [pi−1, pi] → [pi, pi+1].
Let fn : [pn−1, pn] → [pn, g(p1)] be the homeomorphism gf−11 f−12 · · · f−1n−1, and let
f ∈ PL2(R) be the homeomorphism that agrees with fi on each [pi−1, pi] (1 ≤ i ≤ n)
and satisfies
f(x) = gkfg−k(x)
for each x ∈ [gk(0), gk+1(0)] with k 6= 0.
To prove that fn = g, observe that on the interval [pi−1, pi], the function fn
restricts to the composition
(gfi−1g−1) · · · (gf2g−1)(gf1g−1)fn · · · fi+1fi
Since fn = gf
−1
1 f
−1
2 · · · f−1n−1, the expression above simplifies to g. Thus fn agrees
with g on [0, g(0)], and it follows easily that fn = g. Moreover, since there are
infinitely many possible choices for p1, . . . , pn−1 and f1, . . . , fn−1, there are infinitely
many possibilities for f . 
Remark 1.2. The proof of Lemma 1.1 is actually an algorithm for constructing all
possible nth roots f of g. Indeed, given
(1) Any g ∈ PL2(R) satisfying g(x) > x for all x ∈ R,
(2) Any dyadic rationals a ≤ b in the interval (0, g(0)), and
(3) Any Thompson-like homeomorphism f : [0, b]→ [a, g(0)] for which fn(0) is
defined and equal to g(0),
there always exists a unique extension of f to an element of PL2(R) satisfying
fn = g, which can be found using the procedure in the above proof.
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Lemma 1.3. Let m,n ≥ 1, and let g ∈ T so that gm = z. Then there exist
infinitely many different f ∈ T so that fn = g.
Proof. Note that g cannot have any fixed points, since these would also be fixed
points of z. Therefore, by Lemma 1.1, there exist infinitely many f ∈ PL2(R) such
that fn = g. Any such homeomorphism commutes with z since fmn = z, and
therefore every such f lies in T . 
Theorem 1.4. There are uncountably many subgroups of T isomorphic to Q.
Proof. Observe that Q has presentation 〈s1, s2, . . . | snn = sn−1 for n ≥ 2〉. To
obtain an embedding of Q into T it suffices to find a sequence {sn} of elements of T
such that s1 has infinite order and s
n
n = sn−1 for all n ≥ 2. Such a sequence can
be defined recursively by letting s1 = z and then repeatedly applying Lemma 1.3
to find, for each n ≥ 2, an element sn ∈ T such that snn = sn−1. Since there are
infinitely many choices for sn at each stage, this procedure constructs uncountably
many different copies of Q. 
Remark 1.5. Note that the proofs of Lemma 1.3 and Theorem 1.4 rely only on the
fact that T is the centralizer of z in PL2(R). Indeed, these proofs apply equally
well to the centralizer of any element of PL2(R) that has no fixed points. Any such
element is conjugate to z or z−1 in PL2(R), so any such centralizer is isomorphic
to T .
Remark 1.6. The choice of the elements sn in the proof of Theorem 1.4 can be
carried out constructively. For example, let {an} be the decreasing sequence of
dyadics in [0, 1] defined recursively by a1 = 1 and an = an−1/2n−1. Let s1 = z,
and for each n ≥ 2 let sn the the nth root of sn−1 in PL2(R) that satisfies
sn(x) =
{
x+ an if 0 ≤ x ≤ an,
2x if an < x ≤ 12an−1.
Note that the given formula for sn maps
[
0, 12an−1
]
to [an, an−1] and satisfies
snn(0) = an−1 = sn−1(0) for each n, so such roots exist and are unique as de-
scribed in Remark 1.2. By the proofs of Lemma 1.3 and Theorem 1.4, the sequence
{sn} generates a subgroup of T isomorphic to Q.
Remark 1.7. The copy of Q constructed in Remark 1.6 has the property that the
orbit of 0 is dense in R. For such a copy, the resulting action of Q on R is conjugate
by a homeomorphism of R to the usual action of Q on R by translation. However,
there are also “exotic” copies of Q in T for which the orbit of 0 is not dense in R.
For example, by Remark 1.2 we can choose a sequence {sn} in T with s1 = z
and snn = sn−1 (n ≥ 2) such that sn(0) = 12 + 12n for all n. In this case, the
subgroup 〈s1, s2, s3, . . .〉 is isomorphic to Q, but the orbit of 0 under the action
of this subgroup does not intersect the interval (0, 1/2]. One consequence of this
is that the restricted wreath product F o Q embeds into T , where the direct sum⊕
Q F is supported on the complement of the closure of the orbit of 0 under such
an exotic action.
Remark 1.8. It follows from known results that Q does not embed into Thompson’s
group V . For example, Higman proved that for every element f ∈ V of infinite order
there exists only finitely many n ∈ N so that f has an nth root [26, Corollary 9.3].
Since T embeds into V , it follows that Q does not embed into T . Note, however,
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that Q/Z embeds into T [5, Theorem 1.6], and indeed every copy of Q in T maps
to a copy Q/Z in T .
Every copy of Q obtained from the proof of Theorem 1.4 contains the center 〈z〉
of T . Indeed, using the root-finding algorithm given in Remark 1.2 we can produce
every copy of Q in T that contains the center. The following proposition asserts
that these are all of the subgroups of T isomorphic to Q.
Proposition 1.9. Every subgroup of T isomorphic to Q contains the center of T .
Proof. Let Q be a subgroup of T isomorphic to Q. Since Q does not embed into T
(see Remark 1.8), the projection homomorphism T → T cannot be injective on Q,
so Q must intersect the center of T nontrivially. In particular, Q must contain zn
for some n ≥ 1. Since Q is isomorphic to Q, there exists an f ∈ Q so that fn = zn.
Since f and z commute it follows that (fz−1)n = 1, and since T is torsion-free we
conclude that fz−1 = 1, and therefore Q contains z. 
1.2. Presentation for T . Here we give a presentation for T with two generators
and four relations.
Note first that each element of T is determined by its restriction to the in-
terval [0, 1]. Indeed, if d is any dyadic rational and we choose a Thompson-like
homeomorphism f : [0, 1]→ [d, d+ 1], then f extends uniquely to an element of T
by the formula
f(x) = bxc+ f(x− bxc)
for x ∈ R \ [0, 1].
Proposition 1.10. The group T has presentation〈
a, b
∣∣ a4 = b3, (ba)5 = b9, [bab, a2baba2] = [bab, a2b2a2baba2ba2] = 1〉.
where a, b ∈ T are the elements satisfying
a(x) =

1
2x+
1
2 if 0 ≤ x ≤ 34 ,
x+ 18 if
3
4 < x ≤ 78 ,
4x− 52 if 78 < x ≤ 1,
b(x) =

1
2x+
1
2 if 0 ≤ x ≤ 12 ,
x+ 14 if
1
2 < x ≤ 34 ,
2x− 12 if 34 < x ≤ 1.
Proof. Recall that T fits into a short exact sequence Z ↪→ T  T . In [29], Lochak
and Schneps give a presentation for T with two generators α, β ∈ T and the follow-
ing relations:
α4 = 1, β3 = 1, [βαβ, α2βαβα2] = 1, [βαβ, α2β2α2βαβα2βα2] = 1, (βα)5 = 1.
(Note that the version in [29] contains a typo. See [18, Proposition 1.3] for a cor-
rected version.) The elements a, b ∈ T defined above map to α and β, respectively,
under the epimorphism T  T . Applying the standard algorithm for finding a
presentation for a group extension (cf. [27, Proposition 2.55]), it follows that T is
generated by a, b, and the generator z(x) = x+1 for the kernel of the epimorphism
T  T , with relations
a4 = z, b3 = z, [bab, a2baba2] = 1, [bab, a2b2a2baba2ba2] = 1, (ba)5 = z3
as well as a−1za = z and b−1zb = z. These last two relations follow from the first
two, and the desired presentation now follows by eliminating the generator z. 
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x0 x1 δ
Figure 1. Three elements of BV that generate a subgroup iso-
morphic to T .
Remark 1.11. There is a natural copy of Thompson’s group F inside of T consisting
of all elements that fix the integers pointwise, and it is easy to see that T is generated
by this copy of F together with the element δ(x) = x+ 12 . Using similar reasoning
to the proof of Proposition 1.10, one can derive the presentation
T =
〈
x0, x1, δ
∣∣ xx12 = x3, xx13 = x4, xδ0 = (x0δx0)−1, xδ1 = y1, xδ2 = y2〉
where x0 and x1 are the usual generators for F , with xn = x
1−n
0 x1x
n−1
0 for n ≥ 1,
y1 = x
2
0x
−1
1 x
−1
0 , and y2 = x0x
2
1x
−1
2 x
−1
1 x
−1
0 .
Remark 1.12. It follows from the work of Ghys and Sergiescu [21] that T is perfect,
but there is an elementary proof of this fact using the copy of F inside of T described
in the previous remark. Specifically, it is well-known that the commutator subgroup
of F consists of all elements that are the identity in neighborhoods of 0 and 1
(cf. [16, Theorem 4.1]), and it follows that any element of T which is the identity in
a neighborhood of the integers lies in [T , T ]. If we let f(x) = x+ 1/4 and g be any
element of T that is the identity in a neighborhood of the integers and agrees with
f in a neighborhood of 1/4, then k = f−2gf is also the identity in a neighborhood
of the integers. Then g and k both lie in [T , T ], so f = gfk−1f−1 does as well, and
hence z = f4 lies in [T , T ]. Thus the kernel of the epimorphism T  T lies in the
commutator subgrioup, and since T is simple and hence perfect it follows that T is
perfect.
1.3. Inclusion of T into BV . The braided Thompson group BV was introduced
independently by Brin [7] and Dehornoy [17]. It fits into a short exact sequence
B2∞ ↪→ BV  V
where V is Thompson’s group and B2∞ is a certain ascending union of the braid
groupsB2n . Brin proved thatBV is finitely presented [8], and Bux, Fluch, Marschler,
Witzel, and Zaremsky proved that BV has type F∞ [15].
Proposition 1.13. The braided Thompson group BV has a subgroup isomorphic
to T and hence contains Q.
Sketch of Proof. Let β : T → BV be the homomorphism that maps the three gen-
erators x0, x1, δ of T (see Remark 1.11) to the elements of BV shown in Figure 1. It
is easy to check that these elements satisfy the necessary relations, so β is indeed a
well-defined homomorphism. Moreover, observe that β(δn) is non-trivial for every
n ≥ 1, and hence β is injective on the center of T . But since T is simple and T is
a perfect central extension of T (see Remark 1.12), every normal subgroup of T is
contained in the center of T , and therefore the kernel of β must be trivial. 
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Figure 2. A Thompson-like homeomorphism h : R→ (0, 1).
2. The Group TA
Let TA be the group of homeomorphisms of the circle S1 = R/Z defined in the
introduction. The goal of this section is to prove that TA is two-generated, simple,
and contains Q (Theorem 3) and that it has type F∞ (Theorem 4).
2.1. The groups Aut(F ) and A. As we will see, the group TA is closely related
to the automorphism group of Thompson’s group F . The structure of this auto-
morphism group was analyzed by Brin in 1996 [6] using a theorem of Rubin [38].
Brin’s analysis is based on a well-known action of Thompson’s group F on the
real line. For the following proposition, let z(x) = x + 1, let FR be the group of
all f ∈ PL2(R) with the property that f agrees with some zm and zn (m,n ∈ Z)
on neighborhoods of −∞ and +∞, and let h : R → (0, 1) be the Thompson-like
homeomorphism shown in Figure 2.
Proposition 2.1. The group FR is isomorphic to Thompson’s group F . In partic-
ular, the mapping f 7→ h−1fh is an isomorphism F → FR. 
It follows from Rubin’s work that the automorphism group of F is precisely the
normalizer of FR in the group of all homeomorphisms of R. Every homeomorphism
of R is either orientation-preserving or orientation-reversing, and this gives a de-
composition of Aut(F ) as a semidirect product AoZ2, where A is the subgroup of
all orientation-preserving automorphisms (denoted Aut+(F ) by Brin). Brin gave a
complete description of the elements of A.
Theorem 2.2 (Brin [6]). The group A consists of all homeomorphisms f ∈ PL2(R)
that have the following property: there exist g, h ∈ T so that f agrees with g on a
neighborhood of −∞ and f agrees with h on a neighborhood of +∞. 
Remark 2.3. Theorem 2.2 is equivalent to saying that A consists of all elements
f ∈ PL2(R) for which the commutator [f, z] has compact support.
Corollary 2.4. The group A contains T , and therefore both A and Aut(F ) con-
tain Q.
Brin also expressed A as a group extension in two different ways. First, observe
that the elements g, h ∈ T in Theorem 2.2 are uniquely determined by the given ele-
ment f ∈ A. Brin showed that the mapping f 7→ (g, h) determines an epimorphism
A  T × T whose kernel is precisely the commutator subgroup of the group FR.
This gives a short exact sequence
[F, F ] ↪−→ A − T × T .
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Next, if we compose the epimorphism A → T×T with the projection T×T  T×T
we obtain an epimorphism ϕ : A T ×T whose kernel is precisely FR. This yields
a short exact sequence
F ↪−→ A ϕ− T × T.
Proposition 2.5. The group A is perfect and finitely presented. Indeed, it has
type F∞.
Proof. It is well-known that [F, F ] is simple (cf. [16, Theorem 4.5]) and hence
perfect. Since T is perfect (see Remark 1.12), the direct product T × T is also
perfect, and therefore A is perfect by the first short exact sequence above.
Brown and Geoghegan proved that F has type F∞ [12, Corollary 5.4]. Brown
later proved that T has type F∞ [11, Theorem 4.17], so T × T has type F∞. By
[1, Theorem 10], an extension of an F∞ group by an F∞ group has type F∞, so we
conclude that A has type F∞ by the second short exact sequence above. 
Remark 2.6. Burillo and Cleary have derived an explicit presentation for A with
8 generators and 35 relations [13, Proposition 3.1].
2.2. Embeddings of A into TA. There is a close relationship between Brin’s
group A and the group TA. For the following proposition, let sing(f) denote the
set of singular points of a given f ∈ TA. Note that
sing(f−1) = f
(
sing(f)
)
and sing(fg) ⊆ g−1(sing(f)) ∪ sing(g)
for any f, g ∈ TA, and that sing(f) = ∅ if and only if f ∈ T .
Proposition 2.7. For any dyadic point p on the circle, the group
Ap =
{
f ∈ TA ∣∣ f(p) = p and sing(f) ⊆ {p}}
is isomorphic to A. Moreover, TA is generated by Ap and Thompson’s group T .
To prove this proposition, recall the Thompson-like homeomorhism h : (0, 1)→ R
shown in Figure 2. Conjugating A by h gives a group A(0,1) = h−1Ah of Thompson-
like homeomorphisms of the interval (0, 1). Note that such a homeomorphism
might have infinitely many linear pieces, with breakpoints accumulating near 0
and 1 (which we allow since 0 and 1 are not in the domain). The following lemma
characterizes the elements of A(0,1).
Lemma 2.8. Let f : (0, 1) → (0, 1) be a Thompson-like homeomorphism. Then
f ∈ A(0,1) if and only if f has doubling self-similarity at 0 and 1, i.e. if and only
if D0 ◦ f agrees with f ◦D0 in a neighborhood of 0 and D1 ◦ f agrees with f ◦D1
in a neighborhood of 1, where D0(x) = 2x and D1(x) = 2x− 1.
Proof. By Brin’s characterization (Theorem 2.2), the elements of A are all of the
Thompson-like homeomorphisms of R that commute with z(x) = x + 1 in neigh-
borhoods of −∞ and +∞. But it is easy to check that h−1zh is a homeomorphism
of (0, 1) that agrees with D0 in a neighborhood of 0 and agrees with D
−1
1 in a
neighborhood of 1, so the desired statement follows. 
For example, Figure 3 shows the graphs of two of the generators x0, δ ∈ T (see
Remark 1.11) acting on the interval (0, 1) as elements of A(0,1). The doubling
self-similarity indicated by Lemma 2.8 manifests as geometric self-similarity of the
graphs in neighborhoods of 0 and 1.
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Figure 3. The graphs of two of the generators x0, δ ∈ T acting on (0, 1).
Proof of Proposition 2.7. Let p be a dyadic point on the circle, and let Ap be the
given subgroup of TA. Let q : (0, 1) → S1 be the linear function that wraps the
interval (0,1) counterclockwise around S1 \ {p}. Then by Lemma 2.8, the elements
of Ap are precisely the homeomorphisms of S1 that fix p and lift to elements of
A(0,1) via q, and therefore Ap is isomorphic to A.
To prove that TA is generated by Ap ∪ T , let f be any element of TA. If f
has no singular points then f ∈ T and we are done, so suppose that f has singular
points p1, . . . , pn, where each pi and f(pi) are dyadic. Multiplying f by an element
of Thompson’s group T if necessary, we may assume that each pi is fixed by f . Let
U1, . . . , Un be pairwise disjoint neighborhoods of p1, . . . , pn respectively. Then for
each i we can find an element ai ∈ Api which is supported on Ui and agrees with
f in a neighborhood of pi. Note that each Api is conjugate to Ap by an element
of T , so each ai lies in the subgroup of TA generated by Ap ∪ T . But a−11 · · · a−1n f
has no singular points and is therefore an element of T , which proves that f lies in
the subgroup of TA generated by Ap ∪ T . 
Corollary 2.9. The group TA is finitely generated and has subgroups isomorphic
to T . In particular, TA has subgroups isomorphic to Q. 
Remark 2.10. If [p, q] is any arc on the circle with dyadic endpoints, then by
Lemma 2.8 the subgroup
A[p,q] = {f ∈ TA | f is supported on [p, q] and sing(f) ⊆ {p, q}}
is also isomorphic to A. Indeed, if {[pn, qn]}n∈N are pairwise disjoint arcs on the
circle with dyadic endpoints then the subgroup of TA generated by ⋃n∈NA[pn,qn]
is isomorphic to the infinite direct sum
⊕
n∈NA.
This has a few consequences. Since A contains Q, this proves that TA contains
the infinite direct sum
⊕
n∈NQ, and therefore TA contains every countable, torsion-
free abelian group. Also, since A has nonabelian free subgroups, TA contains an
infinite direct sum of nonabelian free groups. In particular, TA contains F2×F2, so
by a result of Mihailova it has unsolvable subgroup membership problem [33]. Note
that Thompson’s group T does not contain F2×F2, since by [31, Theorem 7.2.3] the
centralizer of any infinite-order element of T must virtually embed into the group
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PL+(I) of piecewise-linear homeomorphisms of a closed interval, and this does not
contain a nonabelian free group [10]. Indeed, it appears to be an open problem
whether T or T has solvable subgroup membership problem. The group A does not
have solvable subgroup membership problem, since it contains F2 × F2 by a result
of Burillo, the third author, and Ventura [14, Corollary 3.3].
2.3. The functions ϕp and Φp. Recall that A fits into a short exact sequence
F ↪−→ A ϕ− T × T.
For a given f ∈ A, the two components of ϕ(f) depend only on the behav-
ior of f in neighborhoods of −∞ and +∞. Conjugating by the Thompson-like
homeomorphism h : (0, 1) → R shown in Figure 2, we obtain an epimorphism
ϕ(0,1) : A(0,1)  T × T whose two components depend only on the behavior of
an element of A(0,1) in neighborhoods of 0 and 1. The kernel of ϕ(0,1) is precisely
the usual Thompson’s group F acting on (0, 1).
Moving to the circle, we obtain for each dyadic point p ∈ S1 an epimorphism
ϕp : Ap  T × T whose two components depend only on the restrictions of a
homeomorphism to arcs of the form [p, p+ ) and (p− , p], respectively. The kernel
of ϕp consists of all elements of Ap that do not have a singularity at p, and hence
belong to Thompson’s group T . Indeed, ker(ϕp) is precisely the stabilizer of p in T ,
which again is isomorphic to Thompson’s group F .
We can extend the homomorphism ϕp to a function Φp : TA → T ×T defined as
follows. Given any f ∈ TA, let r be the rotation of the circle that maps p to f(p).
Then there exists a g ∈ Ap so that rg agrees with f on a neighborhood of p, and
we define
Φp(f) = ϕp(g).
Note that this is well-defined since ϕp(g) = ϕp(g
′) whenever g, g′ ∈ Ap agree on
a neighborhood of p. Note also that Φp(f) is the identity if and only if p is not a
singular point of f . If Φp(f) is not the identity, then we can think of its value as
determining the “type” of singularity that f has at p.
The functions Φp are not homomorphisms, but they do have the following mul-
tiplicative property.
Proposition 2.11. Let f1, f2 ∈ TA, let p ∈ S1 be a dyadic point, and let q = f2(p).
Then
Φp(f1f2) = Φq(f1) Φp(f2).
Proof. Let r1 and r2 be rotations such that r1(q) = f1(q) and r2(p) = f2(p) = q,
and let g1 ∈ Aq and g2 ∈ Ap so that r1g1 agrees with f1 on a neighborhood of q
and r2g2 agrees with f2 on a neighborhood of p. Then r = r1r2 is the rotation that
maps p to f1f2(p) and g = r
−1
2 g1r2g2 is an element of Ap such that rg agrees with
f1f2 on a neighborhood of p, so
Φp(f1f2) = ϕp(g) = ϕp(r
−1
2 g1r2)ϕp(g2).
It follows from the definitions of ϕp and ϕq that ϕp(r
−1
2 g1r2) = ϕq(g1), and therefore
Φp(f1f2) = ϕq(g1)ϕp(g2) = Φq(f1) Φp(f2). 
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2.4. Further properties of TA. In this subsection we prove that TA is simple
and two-generated.
Theorem 2.12. TA is simple.
Proof. Let N be a nontrivial normal subgroup of TA, and fix a dyadic point p ∈ S1.
By Proposition 2.7, it suffices to prove that N contains both T and Ap.
To prove that N contains T , fix any nontrivial element n ∈ N . Then we can
find an open arc I on the circle such that I contains no singular points of n and
n(I) is disjoint from I. If t is any element of T that is supported on I, then ntn−1
lies in T as well and is supported on n(I), so the commutator [n, t] = ntn−1t−1 is
a nontrivial element of T . We conclude that N ∩ T is nontrivial, and since T is
simple it follows that T ⊆ N .
To prove that N contains Ap, let f, g ∈ T × T . Fix an element t ∈ T such that
t(p) 6= p, and let J be an open arc containing p such that t(J) is disjoint from J .
Then we can find elements f, g ∈ Ap that are supported on J such that ϕp(f) = f
and ϕp(g) = g. Since f is supported on J and tgt
−1 is supported on t(J), we
know that f commutes with tgt−1. But t ∈ N by the previous paragraph, so f
commutes with g modulo N , and therefore [f, g] ∈ N . Then [f, g] ∈ ϕp(N ∩Ap), so
ϕp(N ∩Ap) contains every commutator in T × T . Since T × T is perfect, it follows
that ϕp maps N ∩ Ap onto T × T . Since N ∩ Ap contains the kernel of ϕp by the
previous paragraph, we conclude that N ∩ Ap = Ap. 
Remark 2.13. The simplicity of TA can also be proven using the existing theory of
homeomorphism groups. For example, since T and Ap are both perfect and they
generate TA, we know that TA is perfect, so it suffices to prove that the commutator
subgroup of TA is simple. This follows from a theorem of Ling [30, Theorem 1.9],
which states roughly that any group of homeomorphisms of a paracompact space
which acts transitively on small open sets and is generated by elements supported
on small open sets must have simple commutator subgroup.
The following theorem is based on ideas from [4] applied to the circle rather than
the Cantor set.
Theorem 2.14. The group TA is 2-generated.
Proof. Since A is perfect and finitely generated by Proposition 2.5, there exist
finitely many elements f1, . . . , fk ∈ A such that the commutators [fi, fj ] (i 6= j)
generate A. Choose an n ∈ N and integers 0 ≤ u1 < u2 < · · · < uk < n so that all of
the differences ui−uj (i 6= j) are distinct modulo n (e.g. ui = 2i and n = 2k+1). Fix
dyadic points p0, q0, p1, q1, . . . , pn−1, qn−1 on the circle in counterclockwise order,
and let t be an element of T so that
t(pi) = qi and t(qi) = pi+1
for each i, where the subscripts are modulo n. Let r = t2, and note that each
power ri maps the interval [p0, p1] to [pi, pi+1].
Let ψ : A → A[p0,p1] be an isomorphism, where A[p,q] denotes the copy of A
supported on an arc [p, q] (see Remark 2.10), and let
f =
(
ru1ψ(f1) r
−u1)(ru2ψ(f2) r−u2) · · · (rukψ(fk) r−uk).
Note then that f is supported on [pu1 , pu1+1] ∪ · · · ∪ [puk , puk+1], and agrees with
ruiψ(fi) r
−ui on each [pui , pui+1 ]. We claim that t and f generate TA.
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Observe that, since all of the differences ui−uj (i 6= j) are distinct modulo n, all
of the intervals of support of r−uifrui and r−ujfruj for i 6= j are different except
for [p0, p1]. It follows that
[r−uifrui , r−ujfruj ] = ψ
(
[fi, fj ]
)
for each i 6= j. These commutators generate A[p0,p1], and therefore A[p0,p1] is
contained in the subgroup generated by t and f . Conjugating by powers of t, we
deduce that each A[pi,pi+1] as well as each A[qi,qi+1] lies in the subgroup generated
by t and f .
Now, Thompson’s group T is generated by the elements of T supported on
each [pi, pi+1] and each [qi, qi+1] (since the interiors of these intervals cover the
circle), so T lies in the subgroup generated by t and f . But Ap1 is generated
by the elements of T that fix p1 together with the elements of A[p0,p1] ∩ Ap1 and
A[p1,p2]∩Ap1 , and therefore Ap1 also lies in the subgroup generated by t and f . By
Proposition 2.7, we conclude that t and f generate TA. 
2.5. Finiteness Properties. In this section we prove that TA has type F∞, which
proves in particular that TA is finitely presented.
Our strategy is to use a combination of Brown’s criterion [11, Theorem 2.2] and
Bestvina–Brady Morse theory [3]. For the following theorem, recall that a Morse
function on a simplicial complex K (with vertex set K0) is a function µ : K0 → Z
that satisfies µ(v) 6= µ(w) for every edge {v, w} of K. Given such a Morse function
and any n ∈ Z, the corresponding sublevel complex K≤n is the subcomplex of K
induced by all the vertices in µ−1((−∞, n]). The descending link lk↓(v) of a
vertex v ∈ K0 is the link of v in the sublevel complex K≤µ(v). That is, lk↓(v) is the
subcomplex of K induced by all vertices w ∈ K0 that are adjacent to v and satisfy
µ(w) < µ(v).
Theorem 2.15 (Brown–Bestvina–Brady). Let G be a group acting simplicially on
a contractible simplicial complex K, and let µ : K0 → Z be a G-invariant Morse
function on K. Suppose that:
(1) Each sublevel complex K≤n has finitely many orbits of simplices under the
action of G.
(2) The stabilizer in G of each simplex of K has type F∞, and
(3) For each m ∈ N there exists an n ∈ Z so that the descending link of each
vertex in µ−1([n,∞)) is m-connected.
Then G has type F∞. 
The remainder of this section is devoted to defining a contractible simplicial
complex K on which TA acts, defining a TA-invariant Morse function µ on K, and
then verifying conditions (1), (2), and (3) above.
Let D be the set of dyadic points on the circle. Given any finite set M ⊂ D
(possibly empty), put an equivalence relation ∼M on TA by
g ∼M h ⇔ Φp(g) = Φp(h) for all p ∈ D \M.
That is, g ∼M h if g and h have the same “singular structure” on the complement
of M . Let [g]M denote the equivalence class of a given g ∈ TA under ∼M , and let
K0 = {[g]M | g ∈ TA and M a finite subset of D}.
Note that we allow M to be empty, in which case [g]M is precisely the coset Tg.
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Define a relation ≤ on K0 by [g]M ≤ [h]M ′ if and only if M ⊆M ′ and g ∼M ′ h.
Note that g ∼M h implies g ∼M ′ h whenever M ⊆M ′, and therefore ≤ is a partial
order on K0. Let K be the resulting flag complex, i.e. the simplicial complex with
vertex set K0 and one simplex for each finite chain in K0.
Proposition 2.16. K0 forms a directed set under ≤, and therefore K is con-
tractible.
Proof. Let [g1]M1 , [g2]M2 ∈ K0, and let
M = M1 ∪M2 ∪ sing(g1) ∪ sing(g2).
Note that M is finite since M1, M2, sing(g1), and sing(g2) are finite sets. Then
g1 and g2 have no singular points on S
1 \M , so g1 ∼M g2 ∼M e, where e is the
identity homeomorphism of S1. Then [g1]M1 ≤ [e]M and [g2]M2 ≤ [e]M , so [g1]M1
and [g2]M2 have an upper bound in K
0. This proves that K0 is a directed set, and
it follows that K is contractible (cf. [20, Proposition 9.3.14]). 
Now, define a right action of TA on K0 by
[f ]M g = [fg]g−1(M)
for all f, g ∈ TA and all finite M ⊂ D. Note that Φg−1(p)(fg) = Φp(f) Φg−1(p)(g)
for all p ∈ M by Proposition 2.11, and therefore this action is well-defined. It is
also clearly order-preserving, so it extends to a right action of TA on K.
For the following lemma, define a basic simplex in K to be any simplex that
corresponds to a chain in K0 of the form
[e]M0 < [e]M1 < · · · < [e]Mk ,
where M0 ⊂M1 ⊂ · · · ⊂Mk and e denotes the identity element of TA.
Lemma 2.17. Every simplex in K lies in the orbit of a basic simplex under TA.
Proof. Let ∆ be any simplex in K, corresponding to a chain of the form
[g0]M0 < [g1]M1 < · · · < [gk]Mk
for some g0, g1, . . . , gk ∈ TA and some finite sets M0 ⊂M1 ⊂ · · · ⊂Mk ⊆ D. Since
[g0]M0 ≤ [gi]Mi for each i, we know that g0 ∼Mi gi, and hence [gi]Mi = [g0]Mi .
Thus we can rewrite ∆ as
[g0]M0 < [g0]M1 < · · · < [g0]Mk .
Then ∆g−10 is the basic simplex
[e]g0(M0) < [e]g0(M1) < · · · < [e]g0(Mk). 
Now define a function µ : K0 → Z by
µ([g]M ) = |M |
for all [g]M ∈ K0. Then clearly µ([g]M ) < µ([h]M ′) whenever [g]M < [h]M ′ , so µ is
a Morse function on K. Moreover, since
µ([g]Mh) = µ([gh]h−1(M)) = |h−1(M)| = |M | = µ([g]M )
for all [g]M ∈ K0 and h ∈ TA, the function µ is G-invariant.
Proposition 2.18. Each sublevel complex K≤n has finitely many orbits of simplices
under the action of TA.
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Proof. Note that a basic simplex ∆ corresponding to a chain
[e]M0 < [e]M1 < · · · < [e]Mk
lies in K≤n if and only if |Mk| ≤ n. Note also that if t ∈ T then ∆t−1 corresponds
to the chain
[e]t(M0) < [e]t(M1) < · · · < [e]t(Mk).
Since T acts transitively on k-element subsets of D for every k ≥ 1 (cf. [16,
Lemma 4.2]), there are only finitely many T -orbits of chains M0 ⊂M1 ⊂ · · · ⊂Mk
in D with |Mk| ≤ n, and therefore there are only finitely many orbits of basic
simplices in K≤n under the action of T . By Lemma 2.17, we conclude that there
are only finitely many orbits of simplices in K≤n under the action of TA. 
Proposition 2.19. The stabilizer of any simplex in K has type F∞.
Proof. By Lemma 2.17, it suffices to prove this for a basic simplex. The stabilizer
of a basic simplex
[e]M0 < [e]M1 < · · · < [e]Mk
consists of all g ∈ TA so that sing(g) ⊆ M0 and g(Mi) = Mi for each i. Let S be
the subgroup of the stabilizer consisting of elements that fix Mk pointwise. Then S
has finite index in the stabilizer, and since finiteness properties are quasi-isometry
invariants [1] it suffices to prove that S has type F∞.
Let p1, . . . , pn be the points of Mk in counterclockwise order around the circle.
Then
S ∼= S1 × · · · × Sn
where Si is the subgroup of S consisting of elements that are supported on the
arc [pi, pi+1] (where pn+1 = p1). Each Si has one of the following three isomorphism
types:
(1) If both pi and pi+1 lie in M0, then Si is isomorphic to Thompson’s group F .
This has type F∞ by a result of Brown and Geoghegan [12].
(2) If neither pi nor pi+1 lies in M0, then Si is isomorphic to A, so it has
type F∞ by Proposition 2.5.
(3) If exactly one of pi and pi+1 lies inM0, then Si is isomorphic to the subgroup
A+ = ϕ−1(T × {1}) of A, which fits into a short exact sequence
F ↪→ A+  T.
But F has type F∞ [12] and T has type F∞ [11, Theorem 4.17], and it is
well-known that an extension of an F∞ group by an F∞ group has type F∞
(cf. [1, Theorem 10]), so it follows that A+ has type F∞.
Since a direct product of finitely many groups of type F∞ has type F∞, it follows
that S has type F∞. 
Lemma 2.20. Let p1, . . . , pn be distinct points in D and let f1, . . . , fn ∈ T × T .
Then there exists a g ∈ TA so that sing(g) ⊆ {p1, . . . , pn} and Φpi(g) = fi for
each i.
Proof. Let U1, . . . , Un be pairwise disjoint open neighborhoods of p1, . . . , pn, re-
spectively. Then for each i we can find an element gi ∈ Api which is supported
on Ui and satisfies ϕpi(gi) = fi, in which case the product g = g1 · · · gn has the
desired properties. 
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Proposition 2.21. The descending link of each [g]M ∈ K0 is (|M |−2)-connected.
Proof. It suffices to prove this for the vertices of the form [e]M , where e is the iden-
tity in TA and M is a finite set of dyadic points. Given such an [e]M , let X be the
simplicial complex with vertex set M × (T ×T ), where vertices (p1, f1), . . . , (pn, fn)
form a simplex in X if and only if their first coordinates p1, . . . , pn ∈M are distinct.
Then X is precisely the join ∗p∈MXp, where Xp is the discrete subcomplex of X
consisting of all vertices in {p}× (T ×T ). By a theorem of Milnor [35, Lemma 2.3],
the join of any n nonempty simplicial complexes is always (n − 2)-connected, and
therefore X is (|M | − 2)-connected. We claim that the descending link of [e]M is
isomorphic to the barycentric subdivision of X.
Observe that the vertices of the descending link lk↓([e]M ) are the set
LM = {[g]M ′ |M ′ is a proper subset of M and Φp(g) = 1 for p /∈M}.
Two such vertices [g1]M ′ and [g2]M ′ are the same if and only if Φp(g1) = Φp(g2)
for all p ∈ M \M ′. Then each [g]M ′ ∈ LM has an associated simplex σ([g]M ′)
in X, namely the simplex with vertices (p,Φp(g)) for p ∈M \M ′, and this defines
an injection σ from LM to the collection of simplices of X. By Lemma 2.20 this
function σ is also surjective, and is therefore a bijection. It is easy to check that
two vertices v, w ∈ LM satisfy v ≤ w if and only if σ(w) is a face of σ(v), so it
follows that the subcomplex of K induced by LM is isomorphic to the barycentric
subdivision of X. 
This completes the proof that TA has type F∞.
2.6. Presentation for TA. We can use the machinery developed in the previous
section to derive a presentation for TA. For the following proposition, recall that
a group G is the amalgamated sum of the subgroups H1, . . . ,Hn if G can be
obtained from the free product H1∗· · ·∗Hn by identifying the copies of Hi∩Hj in Hi
and Hj for each i 6= j. Note that an amalgamated sum of three or more subgroups
cannot necessarily be described as a graph of groups if all of the intersections Hi∩Hj
are nontrivial.
Proposition 2.22. Let p and q be distinct dyadic points on the circle. Then TA is
the amalgamated sum of Thompson’s group T , the subgroup Ap, and the subgroup
H =
{
f ∈ TA ∣∣ f({p, q}) = {p, q} and sing(f) ⊆ {p, q}}
which is isomorphic to (A×A)o Z2.
Proof. It follows from Proposition 2.21 that the descending link lk↓(v) for a vertex
v ∈ K0 is simply connected as long as µ(v) ≥ 3. Since K is contractible by
Proposition 2.16 and hence simply connected, it follows from a result of Bestvina
and Brady [3, Corollary 2.6] that the sublevel complex K≤2 is simply connected.
Now observe that every vertex in K≤2 is in the orbit of exactly one of the ver-
tices [e]∅, [e]{p}, and [e]{p,q}. Indeed, the 2-simplex in K≤2 spanned by these three
vertices is a fundamental domain for the action of TA on K≤2. By a theorem of
Brown [9, Theorem 3], it follows that TA is the amalgamated sum of the stabilizers
of these three vertices. But the stabilizer of [e]∅ is Thompson’s group T , the stabi-
lizer of [e]{p} is the group Ap, and the stabilizer of [e]{p,q} is the group H defined
above. 
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This proposition can be used to derive an explicit presentation for TA. Note
that the three intersections
T ∩ Ap, T ∩H, Ap ∩H
are isomorphic to Thompson’s group F , the group (F × F ) o Z2, and the group
A+ × A+, respectively, all of which are finitely generated. (Here A+ denotes the
subgroup ϕ−1(T ×{1}) of A, which fits into a short exact sequence F ↪→ A+  T .)
Then we can obtain a presentation for TA by starting with a presentation for
T ∗ Ap ∗ H and then adding one relation for each generator of each of the three
intersections above that specifies that the two images of the generator in T ∗Ap ∗H
are equal.
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